Abstract. The uniqueness of the solution of initial, mixed boundary value problems for linear thermoelastic shells is reconsidered within the context of recent developments in the thermomechanical theory of a Cosserat surface [4] . Fairly general boundary conditions are considered which allow mechanical contact with linear elastic media and thermal radiation on the boundary curve of the Cosserat surface and on the major surfaces of the shell.
1. Introduction. Motivated by the application of shell theory to contact problems, we generalize the usual boundary conditions to include mechanical contact with linear elastic media and thermal radiation. These generalized mechanical and thermal boundary conditions are applied on the boundary curve of the shell as well as on its major surfaces.1 In this paper, the uniqueness proof is reconsidered within the context of these general boundary conditions.
By way of background, we recall that the theory of a Cosserat surface [1] has been well established as a particularly useful model of a shell-like body which, broadly speaking, is a three-dimensional body that is "thin" in one of its dimensions. Recent developments in the theory of continuum thermodynamics [2, 3] have provided the theoretical framework with which to develop a general thermomechanical theory of a Cosserat surface [4] . Such a general theory admits finite numbers of directors d v (N = 1,2,...) and temperature fields 0N to provide limited information about the variation through the thickness of the shell of the deformation and temperature field, respectively.
For less general boundary conditions than considered here, a uniqueness theorem has been proved for the linear isothermal theory of shells [1, Sec. 26] and for small motions superposed on a large deformation within the context of a thermoelastic theory of shells 432 M. B. RUBIN which admits a single temperature field [5] . A uniqueness theorem for a linear thermoelastic theory of shells which admits two temperature fields and two energy equations has also been proved [6] , including radiation on the major surfaces but not on the boundary curve. None of these uniqueness proofs considers mechanical contact with elastic media.
Although this latter theory [6] is not based on the recent developments for Cosserat surfaces [4] , the linearized equations can be placed in a one-to-one correspondence with those of a theory which admits a single director d and two temperature fields 6, <j>. It therefore follows that the previous uniqueness theorem [6] applies to solutions within the context of the new linearized theory [4] .
In the following sections, we state sufficient conditions to prove uniqueness of the solution of the equations of the coupled thermoelastic theory2 which admits the generalized boundary conditions and which considers inhomogeneous, anisotropic elastic shells. Specifically, in Sec. 2 the basic equations of the linear theory of a Cosserat surface are recorded and in Sec. 3 the generalized boundary conditions are discussed. Finally, in Sec. 4 we state and prove the uniqueness theorem.
2. Basic equations. In this section we briefly record the relevant equations describing a thermoelastic Cosserat surface. Details of the theory of a Cosserat surface may be found in [1, 4, 7] . Here we use the_notation of [7] , which differs from that used in [1, 4] , For our purposes, we consider a Cosserat surface which is defined by the position vector r, director d, and two temperature fields 6 and cp. A thermomechanical process of such a surface is characterized by r = r(9a,t), where R is the reference value of r. Now, the local forms of the basic equations for the linearized theory may be recorded as [1, 4, 7] :
Equation (2.5a) represents the conservation of mass, (2.5b) represents the balance of linear momentum, (2.5c) represents the balance of director momentum, and (2.5d, e) represent the balances of entropy. In Eqs. (2.5) we have introduced the following quantities: the mass density p0 in the reference configuration; the present values p and a1/2 of p0 and A1/2, respectively; the contact force N" and contact director moment Ma; the specific (per unit mass) assigned force f and specific assigned director couple 1; the intrinsic director couple k; the inertia coefficients y1 and y2; the specific entropies tj and the specific internal rates of production of entropy £ and £,; the entropy fluxes pa and p"\ and the specific external rates of supply of entropy s and sv Further, by referring the quantities N", k, Ma to the base vectors A,, such that4
the results of angular momentum may be written in the forms N,0a = N,ap = Nfia _ _ MaaA^a, (2.7a)
where tensor quantities with superscripts are contravariant or mixed components. Consider a shell which in its reference configuration is stress-free and has a uniform temperature 0. Then for an inhomogeneous, anisotropic elastic shell we assume constitutive equations of the forms
where eafj, y,, Kia are strain measures [1] , \p is the Helmholtz free energy, is a specific internal production of entropy, the quantities C^yS (N = 1,2), Cjf (N = 1,2,..., 7), a4, /?0, /J3, fi4, /?5, b2 are functions of the variables V = {e",Aap, Bafi, D" A,a,0}, (2.9) and the tensors C"/iyS and Cff have appropriate symmetries. The forms of the constitutive equations (2.8) are chosen to be similar to those used in the linearized theory [4] , but with appropriate generalizations to allow for anisotropic, inhomogeneous response and to satisfy the reduced energy equation without approximation. In particular, we note from (2.8) that £ is of higher order and therefore may be neglected in Eq. (2.5d). Now for an elastic shell we may deduce the additional results where e = \p + 0tj + 6t]1 is the specific internal energy. Finally, we recall [4] that for such an elastic shell the only nontrivial statements of the second law of thermodynamics take the forms PoOfi + P ' g + Pi 1 gi 0, (2.11a)
The statement (2.11a) corresponds to the classical heat conduction inequality and is assumed valid for all equilibrium displacement and temperature fields. Further, the statement (2.11b) is assumed valid when the Cosserat surface is at rest and the three-dimensional temperature field is spatially uniform so that 6 = 0(t), (j> = 0. In (2.11b), £j and correspond to the internal energy and uniform temperature of the shell during some period of time up to tx when the shell has been at rest and in thermal equilibrium.
3. Boundary and initial conditions. This theory, which is developed by a direct approach, may be brought into a one-to-one correspondence with the three-dimensional theory by assuming that the position vector p* of a point in the shell and the temperature field 6 * admit the representations p* = p*(0a,0\f) = r(6a, t) + 03d(0a,/), (3.1a) 0* = 6*(6aJ\t) = + 63<t>{0a,t), (3.1b) where 03 is a coordinate through the thickness of the shell. Without loss of generality, we may define the top surface BP"1" of the shell by #3 = h/2, where h is a constant having the dimensions of length, and write the displacement u+ and temperature difference (0+-0) and where va are components of the unit outward normal vector of the curve 3P. In (3.5) B and B1 are assumed to be continuous, symmetric, three-dimensional, second-order tensor functions of 5 and are independent of time; B and B1 are continuous scalar functions of (j, t); C and Cx are continuous vector functions of (s, t); and C and Cx are continuous scalar functions of (s, t). For later convenience, we define the scalars
A boundary condition on n alone can be obtained trivially from (3.5a) by setting B = 0, and a boundary condition on u alone can be obtained from (3.5a) by setting the tensor B equal to a scalar b times the identity tensor I (B = M) and then taking the limit as b approaches infinity.
5 Mixed-mixed boundary conditions may be specified but are not considered explictly. 6 The temporary use of the symbol s for a point on 9P should not be confused with the use of the same symbol elsewhere for the external entropy supply. Recall from [4] that the assigned fields f, 1, s, and sL include contributions from both the effects of three-dimensional body force and external entropy supply as well as from the effects of surface tractions and entropy flux on the major surfaces of the shell. In view of the specification 03 = ±h/2 defining the major surfaces, we may write these assigned fields in the forms Af = Xi+Al/1{b+t+ + b~t~), (3.8a)
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where f, i, s, Sj are considered to be specified assigned fields associated with the three-dimensional body force and external supply of entropy, b+ and b are positive scalar functions of the variables (2.9) and are independent of time, t+ is the traction vector and k+ is the entropy flux on the major surface 9P+, and t~ is the traction vector and kĩ s the entropy flux on the major surface 3P . To allow mechanical contact of the major surfaces with an elastic medium and to allow thermal radiation, we assume that at each point of8 8P+, Depending on the nature of the problem to be considered, the quantities t+, t~, k+, k~, u+, u", 0+, 0~ are either specified or to be determined by the field equations. For example, if we were to consider a slightly more general boundary condition of the type (3.9a) which specified the tangential components of t+ and the normal component of u+, then the normal component of t+ and the tangential components of u+ would be determined by the field equations. This is similar to the use of such quantities in the theory of laminated composite plates [9] , 4. A uniqueness theorem. We now state the following uniqueness theorem: Let u, 8, 9, 4> be displacements and temperature fields which satisfy the above mentioned linear field equations, constitutive equations, and statements of the second law of thermodynamics (2.11) on P X [r0, oo), and satisfy the initial conditions on P at t = t0, the boundary conditions on dP X [f0, oo), conditions of the type (3.9) on 9/>+X[r0, oo) and (3.10) on dP x[/0, oo), for prescribed values of the assigned force f, director couple I, and external supplies of entropy s and sv Then, provided the specific kinetic energy K defined by
is positive definite, the specific heats ft and ft in (2.8a) are positive scalars, the portion of the Helmholtz free energy in (2.8b) is positive semidefinite, and the scalars Jx, J2, J3, J4, B, Bv B+, B~ in (3.5), (3.7), (3.9)-(3.11) are positive semidefinite, there exists at most one set of functions u, 8, 6 , <#> which satisfy the strain-displacement relations, the field equations (2.5) [with £ = 0 in (2.5d)] and (2.7), the constitutive equations (2.8) and (2.10), the restriction (2.11a), initial conditions (3.4), boundary conditions (3.5), and conditions (3.9) and (3.10), and are of class C1 on 3P X [r0, oo) and are of class C2 on P X [;0, oo). Apart from the discussion of the generalized boundary conditions, our method of proof is nearly identical to that used in [6] . Specifically, we assume the existence of two different solutions of the initial, mixed boundary-value problem stated above, form the difference solution, and use a consequence of the field equations to prove that the difference solution is the null solution. Let us denote a typical variable of the difference solution by U. Then it follows that the difference solution satisfies the field equations +/w) = Ay/1(b+l++ b~V) +(/l1/2Na),a, (4.3a) +j2^) = A1/2l^)(b+1+-b~l~) -Al/2k +{Al/2Ma) a, where da is the area element on P and ds is the arc length on 3P. Taking the inner product of (4.3a) with v, (4.3b) with w, adding the results together, integrating over the region P, using the divergence theorem and the conditions (4.6a,b), (4.7a), and (4.8a), we deduce the expression E = f Po(8v + 4>Vi) da, which completes the proof.
To prove uniqueness for static problems of thermoelastic shells, we need slightly stronger conditions than (2.11a) and (4.2d). Specifically, we retain the restrictions (4.2e-l) and assume that \p1 is positive definite and that the expression on the left-hand side of (2.11a) is negative definite so that <Pi > 0, + p • g + Pi • g! < 0, (4.16a,b) where \pl in (4.16a) vanishes only when the mechanical fields ea/}, y,., Kia vanish and (4.16b) vanishes only when the thermal fields 8 a, <f>, <f> a vanish. Furthermore, we require the temperature 8 to be specified at at least one point on the boundary of the shell. This can be done by specifying 8 on 3P, 8+ on dP+, or 8' on dP~. 
